We analyze condensation behaviors of neutral scalar fields outside horizonless reflecting stars in the Einstein-Maxwell-scalar gravity. It was known that minimally coupled neutral scalar fields cannot exist outside horizonless reflecting stars. In this work, we consider non-minimal couplings between scalar fields and Maxwell fields, which is included to aim to trigger formations of scalar hairs. We analytically demonstrate that there is no hair theorem for small coupling parameters below a bound. For large coupling parameters above the bound, we numerically obtain regular scalar hairy configurations supported by horizonless reflecting stars.
I. INTRODUCTION
The recent observation of gravitational waves may provide a way to test the nature of astrophysical black holes [1] [2] [3] . In classical general relativity, one famous property of black holes is no hair theorem, which states that a nontrivial static scalar field cannot exist in the exterior region of asymptotically flat black holes, see references [4] - [11] and reviews [12, 13] . However, some candidate quantum-gravity models suggested that, due to quantum effects [14] [15] [16] [17] [18] , the classical absorbing horizon should be replaced by a reflecting surface [19] [20] [21] [22] [23] [24] [25] .
Interestingly, no hair behaviors also appear for such horizonless reflecting stars [26] - [38] . In particular, even for static scalar fields non-minimally coupled to the Ricci curvature, no hair theorem still holds in backgrounds of black holes and horizonless reflecting stars [39] [40] [41] [42] [43] [44] .
Intriguingly, for static scalar fields non-minimally coupled to the Gauss-Bonnet invariant, scalar field hairs can exist outside asymptotically flat black holes [45] [46] [47] [48] . Spinning hairy black holes were also numerically obtained in the scalar-Gauss-Bonnet theory [49] . In addition, analytical formula of the scalar-Gauss-Bonnet coupling parameter was explored in [50] . These scalarization models are constructed by introducing an additional term f (ψ)R 2 GB , where f (ψ) is a function of the scalar field ψ and R 2 GB is the Gauss-Bonnet invariant. In the scalar-Gauss-Bonnet gravity, under scalar perturbations, the bald black hole is thermodynamically unstable and it may evolve into a hairy black hole [46, 47] . This intriguing mechanism of hair formations is usually called spontaneous scalarization. At present, lots of spontaneous scalarization models were constructed in the background of black holes [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] .
As mentioned above, some candidate quantum-gravity models suggested that quantum effects may prevent the formation of horizons and a reflecting wall may lay above the would-be horizon position [14] - [21] . Interestingly, it was found that neutral scalar field hairs cannot exist outside such horizonless reflecting stars (even the star is charged ) [26] . When considering scalar-Gauss-Bonnet couplings, we showed that the coupling can lead to the formation of neutral scalar field hairs in the background of horizonless reflecting stars [61] . In fact, black hole spontaneous scalarization is a very universal property, which also can be induced by another type of non-minimal couplings between scalar fields and Maxwell fields [62] [63] [64] [65] [66] [67] . As a further step, it is very interesting to examine whether scalar-Maxwell couplings can trigger condensations of neutral scalar fields outside horizonless reflecting stars.
This work is organized as follows. We start by introducing a model with a neutral scalar field coupled to the Maxwell field in the charged horizonless reflecting star spacetime. For small coupling parameters, the neutral scalar field cannot exist. In contrast, for large coupling parameters, we get numerical solutions of scalar hairy horizonless reflecting stars. Main conclusions are presented in the last section.
II. INVESTIGATIONS ON THE COUPLING PARAMETER BETWEEN SCALAR FIELDS AND MAXWELL FIELDS
We take the Lagrange density with scalar fields non-minimally coupled to Maxwell fields in the asymptotically flat background. It is defined by the following expression [62-64]
Here R is the scalar curvature. ψ is the static neutral scalar field with mass m. f (ψ) is a function coupled to
In the linearized regime, there is I = − Q 2 r 4 and the general coupling function can be expressed
where α is the model parameter describing coupling strength [62] [63] [64] . In the limit of α → 0, it returns to the usual Einstein-Maxwell-scalar gravity.
The scalar field differential equation is
The charged static spherically symmetric background is
In the weak-field limit, the metric function N (r) is
with M and Q representing the star mass and star charge repectively.
We study static scalar fields ψ(r) only depending on the radial coordinate. With relations (2), (3) and I = − Q 2 r 4 , we derive the scalar field equation of motion
We label r s as the radial coordinate of the star surface. Since we focus on the compact star without a horizon, the star surface is outside the gravitational radius, which can be expressed as
At the star surface, we take scalar reflecting surface boundary conditions ψ(r s ) = 0. In the far region, the physical massive static scalar fields asymptotically behave as ψ(r → ∞) ∼ 1 r e −mr . So the scalar field satisfies bound-state conditions ψ(r s ) = 0, ψ(∞) = 0.
According to boundary conditions (6) , one concludes that the scalar field must possess (at least) one extremum point r = r peak between the star surface r = r s and spatial infinity. It can be a positive maximum extremum point or a negative minimum extremum point. With the symmetry ψ → −ψ of equation (5), without loss of generality, we can only study the case of positive maximum extremum points. Then the scalar field around the extremum point is characterized by [26] ψ(r peak ) > 0, ψ ′ (r peak ) = 0, ψ ′′ (r peak ) 0.
(5) and (7) yield the relation
Since we concentrate on horizonless stars, the extremum point is outside the gravitational radius satisfying N (r peak ) = 1 − 2M r peak + Q 2 r 2 peak > 0.
With (8) and (9), we get the relation
According to the inequality (10), we deduce a bound on the coupling parameter
If compact reflecting stars are surrounded with static neutral scalar hairs, the parameter α should be above the bound (11) . In other words, we obtain a no hair theorem for small coupling parameters
It implies that neutral massive static exterior scalar fields usually cannot exist in cases of large field mass, large star mass or small star charge. In particular, for α = 0, the no hair condition (12) always holds, which means that charged stars cannot support minimally coupled neutral scalar hairs. In the following, we numerically
show that scalar hairs can be induced by large non-minimal coupling parameters satisfying (11) .
III. NEUTRAL SCALAR FIELD HAIRS NON-MINIMALLY COUPLED TO MAXWELL FIELDS
We numerically solve the scalar field equation (5) together with boundary conditions (6) . Besides parameters r s , M , Q and α, we also need initial values of ψ(r s ) and ψ ′ (r s ) to integrate the equation. The reflecting condition of (6) gives the value ψ(r s ) = 0. According to the symmetry ψ → kψ of equation (5), we set ψ ′ (r s ) = 1 without loss of generality. Since the scalar field equation (5) also satisfies the symmetry r → γr, m → m/γ, M → γM, Q → γQ, we use dimensionless parameters mr s , mM , mQ and α to describe the system. For given values of mr s , mM and mQ, using standard shooting methods, we search for the proper α with the vanishing condition ψ(∞) = 0.
In the case of mr s = 2.7, mM = 1.5 and mQ = 1.0, we choose various α to try to get the physical solution with ψ(∞) = 0. As shown by red curves in Fig. 1 , if we choose α = 322, the solution diverges quickly to be ∞. For green curves in Fig. 1 , if we choose a little larger value α = 323, then the solution decreases to be −∞ in the larger r region. It turns out that α = 322 and α = 323 are not related to the physical scalar field solution with decaying behaviors at infinity. In fact, general mathematical solutions of equation (5) behave as ψ ≈ A · 1 r e −mr + B · 1 r e mr with r → ∞.
The red line of Fig. 1 corresponds to B > 0 and the green line of Fig. 1 represents the case of B < 0. As the value B should change continuously with α, indicating the existence of a critical α corresponding to B = 0.
For this critical α, physical scalar fields asymptotically decay as ψ ∝ 1 r e −mr at infinity. With mr s = 2.7, mM = 1.5 and mQ = 1.0, we numerically obtain a discrete value α ≈ 322.083016, which corresponds to the solution satisfying ψ(∞) = 0. We plot the physical solution with blue curves in Fig. 2 , which asymptotically approaches zero in the far region. Similarly, in other cases of black holes, scalar hairy configurations are also characterized by discrete coupling parameters in the linearized regime [47] . Now we study how parameters mr s , mM and mQ can affect the discrete coupling parameter α, which corresponds to the decaying scalar field. In Table I , fixing mM = 1.5 and mQ = 1.0, we show effects of mr s on discrete α. It can be seen that a larger radius mr s corresponds to a larger discrete α. With mr s = 2.7 and mQ = 1, according to data in Table II , the discrete α decreases as we choose a larger star mass mM . In Table III , we see that the discrete α decreases as a function of the star charge mQ. Results in Table III also implies that α becomes smaller when we choose a small Q = Q M = mQ mM , which is qualitatively the same as cases of black holes expressed by analytical formula (17) in [64] . 
IV. CONCLUSIONS
We investigated formations of neutral scalar field hairs outside asymptotically flat spherical horizonless reflecting stars. We considered scalar fields non-minimally coupled to Maxwell fields. We showed that the coupling parameter plays an important role in scalar condensations. We analytically got a bound on the coupling parameter expressed in the form α
, where α is the coupling parameter, m is the scalar field mass, M is the star mass and Q is the star charge. For α below this bound, no neutral scalar hair theorem holds. In contrast, for large α above this bound, with shooting methods, we obtained regular scalar hairy configurations with a horizonless reflecting star in the center. We also examined effects of star radii, star mass and star charge on condensations of neutral scalar fields.
